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ABSTRACT 
 
The active force developed by the muscular fibres of the myocardium is represented 
as force per unit volume of the myocardium and included in the formalism describing 
the pressure-volume relation (PVR) and the end-systolic pressure-volume relation 
(ESPVR) in the left or right ventricle. Experimental methods to measure or to 
calculate the parameters describing PVR have often given inconsistent results. The 
objective of this study is to introduce some new mathematical relations describing the 
properties of PVR. Verifications based on published experimental data are given. 
Suggestions for future experimental work are indicated. The lack of adequate 
mathematical formalism to verify the consistency of experimental data is the main 
reason that prevents the application of PVR and ESPVR in routine clinical work. 
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NOMENCLATURE 
 
a = inner radius of the myocardium. 
b = outer radius of the myocardium. 
h = b – a thickness of the myocardium. 
Dr = active radial force generated per unit volume of the myocardium. 
⎯Dh = active radial pressure acting on unit area of the endocardium. 
(⎯Dh)m = maximum value of ⎯Dh. 
E = ventricular elastance, maximum value Emax. 
ea = arterial elastance, maximum value eam. 
ed = slope corresponding to (⎯Dh), maximum value edm.  
P = ventricular pressure. 
Po = Pressure acting on the outer surface of the myocardium. 
V = ventricular volume. 
Ved = end-diastolic volume. 
Ves = end-systolic volume. 
Vd = intercept of the pressure-volume line with the volume axis. 
Vdm = value of Vd when E = Emax. 
Vω = volume of the myocardium. 
SV = stroke volume. 
SW = stroke work 
CW = contraction work. 
PE = potential energy. 
SWR = stroke work reserve. 
TW = total area under ESPVR. 
 
 
INTRODUCTION 
 
Several interesting studies related to the pressure-volume relation (PVR) can be 
found in the literature [1-24], Many indexes used to assess the contractility of the 
myocardium are based on the study of PVR in the left or right ventricle of the heart. 
These include ejection fraction, stroke volume, stroke work, maximum ventricular 
elastance (Emax) or slope of the end-systolic pressure-volume relation (ESPVR), 
maximum arterial elastance (eam). Possible adaptation of ESPVR to short-term or 
long-term change in systemic load condition has been discussed [7-9 ]. Different 
areas under ESPVR offer a sensitive index to assess the state of the myocardium 
[7,10], and relations between these areas and oxygen consumption have been 
reported [11,12]. The ratio Emax/eam (maximum ventricular elastance/corresponding 
arterial elastance) has been used to express the ventriculo-arterial coupling [7-9, 13],   
this ratio can also be used to differentiate between normal, mildly or severely 
depressed physiological state of the heart as discussed in what follows [see also 
7,15-19]. Experimental verification of this important result can be found in the 
literature [20-22]. Because of the need to measure the pressure in an invasive way 
by catheterization, it is important to note that these results are obtained by using 
invasive methods of measurement on animals or humans. Volume measurement 
however can de done in non-invasive way by ultrasounds or MRI for instance.  
 
The main difficulty in implementing the preceding results in a non-invasive way for 
routine clinical work is the inconsistency in the calculation of the parameters 
describing PVR based on single-beat estimation when different experimental 
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techniques are used [23]. Part of the difficulty may be experimental, but part is also 
due to the need of adequate mathematical formalism that can relate in a reliable way 
the parameters measured or calculated in order to verify the consistency of the 
results. In this study some mathematical relations are introduced for this purpose that 
relate the parameters describing PVR. Particular attention is given to the way the 
active force of the myocardium (also called isovolumic pressure) is included in the 
formalism describing PVR and the mechanics of left ventricular contraction. Based on 
data taken from the literature, experimental verification of the mathematical relations 
derived is given and suggestions for future experimental research in this field are 
indicated. Although the formalism discussed in what follows applies to both the right 
and left ventricle [24], we shall restrict our attention to applications related to the left 
ventricle.           
 
 
MATHEMATICAL FORMALISM 
 
Various authors [25, 26] have used a cylindrical model for the left ventricle. The left 
ventricle is represented as a thick-walled cylinder contracting symmetrically as shown 
in Fig. 1, a helical fibre in the myocardium is projected on the cross-section as a 
dotted circle. Because of the assumed symmetry of the contraction, a radial active 
force/unit volume of the myocardium Dr is generated by the myocardium. The main 
originality of the mathematical formalism used is the inclusion of Dr in the formalism 
describing PVR, as shown in what follows. Dr will generate a radial pressure on the 

endocardium given by ∫ =
b

a
r hDdrD , where D  is an average value calculated by using 

the mean value theorem, h = b – a is the thickness of the myocardium, a = inner 
radius, b = outer radius. In a quasi-static approximation (inertia and viscous forces 
neglected), the equilibrium of forces on the inner surface of the myocardium 
(endocardium) can be directly deduced from Fig. 1 and expressed in the form  
 
   )( VVEPhD ed −=−                                                           (1) 
 
Equ. 1 can be split into two equations 
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We have the following definitions that are shown in Fig. 1 and Fig. 2 
 
  V = ventricular volume 
  Ved = ventricular volume at end-diastole (when dV/dt = 0) 
  P = ventricular pressure 
  E = ventricular elastance, slope of the pressure-volume line in Fig. 2 
  Vd = volume intercept of the pressure-volume line in Fig. 2    
 
When E reaches its maximum value Emax near end-systole as shown in Fig 2, we add 
a suffix m to the previous equations as shown in the following equations 
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We have assumed the approximation Vm ≈ Ves (end-systolic volume when dV/dt ≈ 0) 
which will be used in our computation.  
 
In the simplified diagram of Fig 2 Vedd2d1Vm represents the pressure-volume loop in a 
normal ejection contraction, its area being equal to the stroke work SW. The line 
d3Vdm represents the ESPVR. The area SW reaches its maximum value (SW)max 
when the point d1 coincides with d5 (mid-point of the segment d3Vdm). We can 
consequently distinguish between three different clinical cases as previously 
discussed in [7,15-19], normal physiological state of the ventricle corresponds to 
Emax/eam ≈ 2 or Pm/(⎯Dh)m ≈ 1/3 (d1 below d5 on the line d3Vdm, this corresponds to 
maximum efficiency for oxygen consumption by the myocardium); mildly depressed 
state of the ventricle corresponds to Emax/eam ≈ 1 or Pm/(⎯Dh)m ≈ ½ (d1 and d5 
coincides, SW reaches its maximum value (SW)max); severely depressed state of the 
ventricle corresponds to Emax/eam ≈ < 1 or Pm/(⎯Dh)m > ½ (d1 above d5). These 
theoretical results are experimentally verified in the work of Burkhoff and Sagawa 
[20], Asanoi et al [21] and De Tombe et al [22]. 
 
Notice that Equ (1) or Equ (3) can be looked at in two different ways: 

a) If (⎯Dh)m is held constant and Pm and Vm are varied, we obtain a straight line 
relationship like the line d3Vdm near end-systole, as if a balloon is inflated 
against a constant (⎯Dh)m.  

b) If ⎯Dh is is allowed to vary with P and V, then we obtain the P-V loop 
Vedd2d1Vm shown in Fig. 2 as in a normal ejecting contraction. ⎯Dh varies from 
d2 to d4 in Fig. 2 during a normal ejecting contraction. 

 
Mathematical derivation of these results based on the theory of large elastic 
deformation can be found in [27, 28], and in the case of linear elasticity it can be 
found in [29, 30]. 
 
RELATIONS BETWEEN SLOPES 
AND AREAS UNDER ESPVR 
 
Fig. 3 shows different areas under ESPVR d3Vdm that are obtained when the radial 
active force/unit area (⎯Dh)m generated on the inner surface of the myocardium 
(endocardium) is included in the mathematical formalism describing PVR. The 
relative amplitude of these areas plays an important role in assessing the 
performance of the heart as a pump.  
 
These areas are clearly shown in Fig. 3 from which we define the following: 
  

SW = area Vedd2d1Vm, stroke work (or external work) delivered to the systemic 
circulation.  
CW = area d1d2d3, apparent contraction work absorbed by the passive 
medium of the myocardium.  
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PE = area Vmd1Vdm, potential energy apparently related to the internal  
metabolism in the myocardium. 

  SWR = area d1d2d6d5, stroke work reserve (or external work reserve) 
    = (SW)max – SW,  
          Emax = maximum ventricular elastance, slope of ESPVR d3Vdm. 
  eam = arterial elastance corresponding to Emax.   
  edm = slope related to (⎯Dh)m  
 
The main difficulty in implementing ESPVR for routine clinical work is how to 
measure or calculate Emax and Vdm in a way that the different areas under ESPVR 
can be calculated and applied in clinical work, the areas under ESPVR are sensitive 
indexes that reflect the state of the myocardium. Quantities like Vm ≈ Ves or the 
stoke volume SV ≈ Ved – Vm can be calculated in a non-invasive way by MRI or 
ultrasounds, Pm can be measured in invasive way by catheterization. The main 
problem is how one can estimate Emax, Vdm or equivalently edm from parameters that 
can be measured. In what follows we give some relations that relate the areas under 
ESPVR to edm and suggest some ways to estimate edm and Vdm.  
 
From Figs 2 and 3 we have the relations 
 

 

SVehD

SVeP

dmm

amm

=

=

)(

                                                                                     (5) 

 
as well as the relation 
 

  
dmm

dmed

am

dm

VV
VV

e
e

−
−

=                                                                           (6) 

   
from which Vdm can be calculated if edm/eam is known and vice versa. Some simple 
mathematical calculations give the following expressions for the areas under ESPVR 
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From these relations it is seen that the main problem to be solved in order to 
determine the areas and contours under ESPVR is to know how to estimate edm/eam 
or equivalently Emax and Vdm, notice that eam can be estimated from Equ. 51. In order 
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to estimate these parameters we give in what follows some experimental results 
based on data taken from the literature and we point out to some suggestions for 
future experimental work. 
 
 
EXPERIMENTAL APPLICATIONS 
 
We have taken some experimental data presented in Table 1 in [31] from 
experiments on 10 human subjects with no cardiovascular disease, as well as data 
given in [32,33] all based on experiments on dogs. Figs 4 and 5 show the apparent 
linear trend in the variation of edm with respect to the variation of eam, further 
experimental investigation of this relation is needed. Another possible relation comes 
from Equ. 6 and exploits the fact that eam/edm = (Vm – Vdm)/(Ved – Vdm)  ≈ Vm/Ved since 
Vdm is small, experimental results are shown in Fig. 6. This relation would allow the 
calculation of edm, and consequently (⎯Dh)m, since Vm/Ved and eam can be determined 
experimentally. A similar relation between (Vm – Vdm +Vω)/(Ved – Vdm +Vω)  and (Vm + 
Vω)/(Ved + Vω) is shown in Fig 7, Vω is the volume of the myocardium. Both Vm/Ved 
and (Vm + Vω)/(Ved + Vω) can be measured in a non-invasive way by using for 
instance echocardiography. Finally Fig. 8 presents two relations the apparent linearity 
of which suggests the need for further investigation that can allow to establish 
consistent relations between the parameters involved.  
 
 
CONCLUSIONS 
 
The main problem to be solved in order to apply PVR and ESPVR for routine clinical 
work is the difficulty in estimating the different parameters needed to describe these 
relations, this difficulty is increased when it comes to single-beat measurement. One 
of the reasons behind this difficulty is the lack of adequate theoretical formalism that 
can be used by experimentalists in order to verify the consistency of their 
experimental measurements. This study has presented some results that can be 
used for future experimental studies aimed at solving this problem. The references at 
the end of this study are not exhaustive and have been compiled in order to give to 
interested researchers a broad view of the subject, both from a theoretical and from 
an experimental point of view. 
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Fig 1: Cross-section of a thick-walled 
cylinder representing the left or right  
ventricle. The dotted circle represents 
the projection of a helical fibre on the  
cross-section. Dr(r) is the radial active 
force/unit volume of the myocardium.  
P is the ventricular pressure, Po is the  
outer pressure on the epicardium  
(neglected), a = inner radius, b =  
outer radius, h = b – a = thickness of  
the myocardium.  
 
 
 

 
Fig. 2: Simplified drawing showing the pressure-volume relation (PVR) in the left or 
right ventricle. The end-systolic pressure-volume relation (ESPVR) is represented by 
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the line d3Vdm. PVR in a normal ejecting cycle is represented by the loop Vedd2d1Vm. 
(⎯Dh)m is the peak radial active force/unit area generated by the muscular fibres on 
the inner surface of the myocardium (peak isovolumic pressure). It is assumed that 
Vm ≈ Ves (end-systolic volume when dV/dt = 0). The changes Δ(⎯Dh) and Δ(⎯Dh)m 
correspond to the change ΔVed in the end-diastolic volume according to the Frank-
Starling mechanism.    
 
 

 
Fig. 3: Different areas under ESPVR d3Vdm. SW = stroke work area Vedd2d1Vm; CW = 
contraction work area d1d2d3; PE = potential work area Vmd1Vdm; SWR = stroke work 
reserve area d1d2d6d5, d5 is the mid-point of of the segment d3Vdm; TW = total area 
under ESPVR. Emax = slope of ESPVR; eam = corresponding arterial elastance; edm = 
slope related to (⎯Dh)m.    
 

 



Proceeding of 4th International Conference on Mathematics and Engineering Physics S-EM I  
     

 

 

38

 

Fig. 4: Variation of edm with eam for four experiments based on data taken from Table 
1 of Borow et al [31]. (x) control values, (*) corresponding data after injection of 
dobutamine. Notice the apparent linearity of the relation. 
 
 
 
 
 

  
Fig. 5: Variation of epm with eam based on experimental data taken from Burns et al 
[32] and Shoucri [33]. Notice the apparent linearity of the relation. Least squares fit 
gives y = 1.4626 x + 0.5227, correlation factor r =0.9816. 
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Fig. 6: Apparent linear relationship from which y = (Vm – Vdm)/(Ved – Vdm) can be 
determined from x = Vm/Ved. Least squares fit gives y = 1.2377 x - 0.1477 with 
correlation coefficient r = 0.9686. Data are taken from Table 1 of Borow et al [31]. 
 
 
 
 
 

 
Fig. 7: Relationship between y = (Vm – Vdm + Vω)/(Ved –Vdm + Vω) and  
x = (Vm + Vω)/(Ved + Vω). Experimental data are taken from Burns et al [32] and  
Shoucri [33]. Least squares fit gives y = 0.661 x + 0.3086, correlation coefficient r = 
0.9798. 
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Fig. 8: Left: relationship between y = (Vm – Vdm) and x = (Ved – Vdm); least squares fit 
gives y = 0.6683 x – 1.1583, correlation coefficient r = 0.9762. Right: relationship 
between y = (Vm – Vdm + Vω) and x = (Ved – Vdm + Vω); least squares fit gives  
y = 0.8558 x + 3.9269, correlation coefficient r = 0.9813. Experimental data are taken 
from Burns et al [32] and Shoucri [33].     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 




